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A HTGH SENSiTIVITY DC THERMOMETRIC CIRCUIT USING OPERATIO- 
NAL AMPLIFIERS AND A HYBRID COMBINATION OF NTC AND PTC 
THERMISTORS 

Equations predicting the response of thermometric circuits constructed from 
operationaI amplifiers with NTC and NTC-PTC hybrid thermistors are derived and 
tested. Sensitivities and time constants were determined experimentally and are 
*ampared with theoretical predictions. The circuit with the NTC-PTC hybrid is 
characterized by greater sensitivity than a NTC circuit and greater Iinearity than a 
PTC circuit 

WTFtODUCi’IOFJ 

The theoretical sensitivity of 6.6 x 10 - 9 “C nA_’ for a proposed temperature 
sensor ut8izing a MOS transistor with pyroekctric material on the gate has not yet 

been achieved’. Existing circuits are continually being revised to increase sensitivity 
and finearity of response. Linde et aI. ’ initiated modern thermometric titrimetry in 
1953 by employing 2 thermkWr with a negative temperature coefficient (NTC) as 
one arm of a dc Wheatstone bridge. Since that time, increased thermistor bridge 
sensitivity has been achieved in various ways induding use of two or more NTC 
thermistors in parallel as one arm of the bridge 3-5 Ekctronic amplification has been 
reported for d&. ’ and ac bridges ‘. O. The ac brid_& use sine-wave voltages ahhough 
square-wave voltage has been proposedzO. Detection knits of 5-10 p”C have been 
reported for several instrumentsg. 

A non-linear response is observed in the bridge offkzt potentiaI because of 
the parallel arrangement of bridge resistances and the nature of the semiconductor 
material in the thermistor_ Numerical methods have been appI.ied for Linearization 
of bridge lx* output lz; their use is tedious and requires electronic computational 
facilities. Analog li.n earization has been achieved by the use of resistors for thermistor- 
shunting networks with some sacrifice of sensitivity13. ‘4. 

Steady-state response of thermistors has been adequately -treated by Buhl”. 

* pncrtnt address, wte Rcseadi, UOP Inc, Des Plaina; XH. 60016, U.S.A. Author to whom 
compo-should besent_ 
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Transient thcrmrstor response induding response times and problems of undershoot 
aud overshoot are guxraUy ignored in analytical applications_ Hence, application 

is limited to sIow reactions or when txansicut response is to bc ignored, We have 
found tbaz critical damping of the m casuremcnt system is easily achieved when those 
circuit and experimental paramdcrs af&ting transient response are identi6ed and 

propriy =!jd 
The construction and operation of dc thermistor circuits are simple. We have 

modified the basic circuit of Vanderborgh and SpalI’6 in an effort to achieve theoreticai 
output and an improvemen t in linearity of temperature response_ A schematic of the 

circuit is shown in Fig. I. Improvements achieved include elimination of loading of 

the bridge power supply by use of operational amplifiers as ideal current sources and 
incorporation of NTC thermistors with positive temper&me coeficient (PTC) 

therm&ors for au increase of bridge sensitivity by a factor of 5 x over the straight 
NTC circuits, This ?VK-PK. hybrid circuit is intended primarily for single cell 
calorimetry_ We describe here the steady-state behavior of the thermistor network, 
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the effect of the thermistor dissipation constant on transient response, and the effect 

of various solution parameters on the temperature sensitivity and response time. 

C&&t response to iherm&tor iemperazure change 
Tlxe semi-conductor equation for a NTC thermistor is given by equ (1)’ 3* r 5* I*. 

Definitions of regularly used symbols are 

Ri = &ex&&.IKj fU 

given in Appendix A_ ETquation (I) is frequently written in the form 

InR, = 2, + AIT, (2) 

where z, = in Z,, Equation (2) can be differentiated with respect to T, to yield 

The quantity (f/RJ(dRJdT,) is called the temperature coefficient of resistance of the 
thermistor_ The vaIue of ~I/~~)(d~~d~*~ + (i/Z,)(dZJdT;) << -/3JTf and is fre- 
quently ignored_ Thus, 

l2guation (I) is known as the zero power equation and applies onIy in the case 

when negligible efe&icaI power is dissipated by the thermistor_ Buhl” has con- 

sidered steady-state thermistor response in the case of appreciable power dissipation. 
The output potential of operational amplifier OA-3 in Fig_ I is related to the 

resistance of thermistors in positions t, and tz (R, and R2) by eqn (5). Under con- 
ditions of ne@igibIe power dissipation, Equations (1) and (5) are 

e*3 = - (2) e_ - (2) e, 

combined and differentiated to yieId the temperature response of the circuit, For 
NTC thermistors, d#dT is positive and 

the term (I/T)(dfl/dT) tends to decrease the sensitivity of eOLS with increased tempera- 

ture. However, dR JdT; is negafive and the sign of dq&dT is positive. 



For T; = T2 = Tand e, = --e- = E, the equation resuk~ when fit # f12 

maybewritten 

1 d& -- 
R&z* dl 1 (7) 

Equation (7) is of the form of a quadratic equation which describes a parabola_ 
The properties and ~ppIicati~n~ of E thermistors were rkewed by Andrich' S 

Methods of manufactnring FTC thermistors were described by Sauer and Fishe8°, 
A plot of In R, for a p1% thermistor YS_ Tg closely resembks the sigmoidai curves 
fm for potentiometric titratious- Over a restricted temperature intervaf (-PC), 
the slope of the plot is large and the zero-power resistance is given by eqn (S)21, 

DifZ&mxiation of Equation 8 yields 

(9) 

The vaiue of the material coefficient for a PTC thermistor, grx,, can be more than 10 x 
that for a NTC tbonnistor, &_ The sensitivity of temperafun: sensing circuits made 
with PTC thermistors is, therefore, greater than that for NTC circuits; so also is the 
non-Enear$ 

The combination of a hTC and a PTC thermistor in the &c&t of Fig_ I can 
result in a highly sensitive device for single ceII thermometxy which can be liuearked 
by adjnstment of e_ relative to e+_ Combining eqns f4), (5), and (10) and different& 

sting 

Repe&Zng the differentiation and setting the resnlt equal to zero specifies the equality 
rwpintd for linear response, 

Rfe- WC ( 8: 
R 

--I_ = 
Rce44 2 

eizc T3 I: 
1 T;’ Rprc 

For typical operating parameters (B cv 4000 and T I?: 3OOOK) 

/w 
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and linearity is achieved if 

e, -- 
e+ 

= R&W 

Bf 
RN-rcTQ 

(13) 

Typically, linearity results if -(e-/e,) LI 16_ Linearity may also be achieved with 
use of series NTC thermistors with the PTC thermistor such that 

Such a circuit afso has greater sensitivity than the single NTC thermistor with the 
PTC thermistor_ 

Transienr respome 

For small changes of temperature of an NTC thermistor through which dj?,/dT, 

can be ignored, the zero power operation (cqn (1)) can be described by eqn (14) 

where Rt, is the value of i, when T’ = r& Equation (14) is vaIuabIe for beginning a 

consideration of the response of R, when the bulk media surrounding the thermistor 

is heated at a rate, yb, and T, # The For smah yr,, (Tb - T,)/T: s?: 0 and the exponential 
term of eqn (14) can be accurateIy given by the first two members of an Euler series 
expansion- Thus, 

Rearranging eqn (15), 

AR,,, = R, - R, = - r6, 

Combining eqns (4) and (16), 

AR,_( = --;i (I; - Ti 

Carslaw and Jaeger*= solved the problem of heat transfer between a sphere 

and the surrounding media. For the case of heat transfer from an efectricall~ heated 

spherical thermistor to the grounding media at zero initial temperature; 



For the caze of cxtemaI heating of a spherical thermistor at zero initial temperature 

bythebulkmedia, 

. (19) 

Our treatment of the heat transfer between a thermistor bead and the surrounding 
media assumes it to be a perfect sphere. The actual thermistor configuration used in 
this research resuItcd from mounting a thermistor bead with epoxy into the end of a 

Teffon cylinder hating a diameter slightly greater than the diameter of the thermistor- 
The time-independent portions of eqns (18) and (19) yieId temperature differ- 

ences across the thermistor bead material and thermal boundary layer when no 
extraneous makrial covers the therm&or_ Correction factors must be appkd to 

account for stem conduction and the surface film of epoxy. InitiaiIy, consider only 

the epoxy fiIm. The second term of equs (18) and (19) (2A!lQJ is multiplied by a 
factor to yield the average temperature difference across the epoxy fiim ph& the 
thermal boundary layer, From Fourier’s law, dimensional analysis and geometrical 
considerations, the inner condu&v& 2, can be derived to rq.Iace 2, in the second 
term by cqn (20)_ 

The equivaknt conductivity, jJdg, substitut@ for 2, in the time-dependent 
qns (18) and (19) can be shown to be 

The superposition principle commonIy used for linear systems and 
problems of heat conduction is applied_ Acawdh$y, the difkenaz TI 

in many 
- Tb is 

assumed given by a iinear combination of eqns (18) and (19). The prime and double 

prime designations in eqn (22) assist in recugnizing 

(20) 

ferms of 

(21) 

X - 7-i =m+m-_(zB+m (22) 
the equation ((18) .or (I 9)) used to calculate the des&ated term, 



So that the soIution of eqn (17) is made more tractabie, only the time-inde- 
pendent parts of eqns (18) and (19) are considered here. Simple calculations show 
that the second terms of equs (18) aud (19) control thermi&or response_ Heuce, 
eqn (20) may be written as 

(231 

The time-independent parts of eqns (18) and (19) contain terms common to 
the thermistor dissig&m cox&nt, 6,, and the thermistor time constant, T(. 

4 = W, = 8nrt& krc 
43 f 43 l&r, f 22i 

7, = 7, + =, 

For rates of bulk ff uid stirring which approach zero, h,r, -+ &,, 

7__ZCp~=i) 

For high rates of stirring, h,r, >> 2&, and 

2 

=t -& 
The non-linear dependence of 6, on izs as given by eqn (24) was demonstrated hy 
Rasmussen23 s 

Substitution of the time-independent parts of eqns (18) and (19) into eqn (22) 
and combining the result with eqn (17) yields 

AR,-, 
d&fdT, 

Since DC = RJC,, 

- dR, = i,AR,_, 
(30 

Hence, the temperature coeEcient of resistance for the thermistor, dRJR,dT,, is 
directly related to its thermal conductivity, /!, as dixuzxd by Kudryavtsev et aLz4. 
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Combining eqns (24), (25) and (30) yiekiS 

(32) 

(33) 

This ecpaIity is experimmtily valid onIy if the thermistor is suspended by its kads 
Such that the thermistor Surf&m is unifomfy accessr%Ie. 

Equation (32) can aLr0 be wn’tten 

A sphere is a pa&y tstmadhed body and ~eparatiou of bou~dazy iayer SOW occllrs 
for Re > 50. For the stimed systems of interest in caIori&etry (I@ ( Re < I@), the 
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bulk fluid is fully turbulent and the hydrodynamic boundary layer around the ther- 

r&torisf2minar with separation_ Kutatehtd~~~ determined that for a sphere, the 

diameter Nusselt number is 

Nu, N 2 + 0.35 Re0-5sPr0-‘6 (39) 

The radius Nusselt number is 

Nu, = 1.00 + 0.175 Re”-58Pro-36 

Murdock et aL2’j showed that 

hcrt = (N&o-6 (40 

where ZV, is the rotation speed of the bulk media stirrer in units of rev mm-l. Rice 
et al ” determined that the ffuid velocity, U, at a distance r from the axis of stirrer . 

rotation and in the plane of the stirrer is given by 

(42) 

Equation (42) is valid for distances up to half way from the outer edge of the stirrer 
to the cell wall. Combining eqns (34)-(41) 

The coef5cient of the second term in eqn (43) was calculated for direct exposure of 

one half the thermistor surface to the solution. When o, = 0, 

h,t, = 0.50 j_b 

and from eqn (26), 

( 
- 

5‘ = 47cr$. 48 
0.5~, + 2iri ) 

Application of a thermistor to determine values of the thermal conductivity of the 

bulk fInid was performed by Papadopoulos2*_ 
The Pai power series for calculating the velocity distribution in a pipe can also 

be applied to cahzutation of Re for use in eqn (40)zg. 

(45) 

In eqn (45): 

cr,, = o,r, 



I---n 
a2 = 

m-1. 

m= - 0~517 f 821 x IO-’ (Re&“-786 

n = O-585 + 3,17 x IO-’ (Re_,j”-83’ 

and 

Re- = %.Gk 
*b 

The vdues of U(r)/tY_ cz&xdati from eqns (42) and (43 are diffeiwt. The lack 
of agmement ocxnrs becanse of the calcuiatioti of the ceii veIocity proHe in the plane 
of the stirrer (qn (45)) vs. that outside the piane of the stirrer (eqn (42)). Equation 
(46) shouid be used when the thermjstor is in the pIane of the stirrer. 

Combining aqns (23) and (48) and writing onliy half of the equation corresponding 

to RI 

~rnb~~ eqns (43) and (49) 

de* Rie- -=--- 
dT G 

Examination of eqn @O) rcvcals that deJdT gains dccresed dependency on & as 
Pt in4xeases This fact is important in thermokinetic studies since nxiX&rm response 
to change of sotution temperature is needed wExn the rate of the chemical reaction 
is time dcpcndcnt 
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de Rs- --o=-- 
dT Rf I 

6-28r,jl,d&--J,, +_ ..I 
&JPd 1 WI 

ImpIicit.in the derivation of eqn (39) was the assumption that thermal con- 
duction of the thermistor support is negligible Dutt and Stickneyso demonstrated 
that conduction errors are only neghgible if the thermal sensor is mounted on a 

support of low thermal conductivity_ Contact resistance between the thermistor and 
mount is also important Since no perfect insuiator exists- a stem correction was 

applied to eqn (20). Without stem correction, the tip soIution predicts excessive tip 
temperature and time constax&‘_ 

For the thermistor probe design used in this research, correction was made 

only for the exposed portion of Teflon tubing in which the head was mounted. 
Correction applied to eqn (20) yields 

in which 1, is calculated from 

and f& from 

Nu, = 0.478 Re”-‘Pro3 

as described by Scadron and Warshawskys2 for cylinders in a crossffow_ 

An area correction must also be applied to the time-dependent portions of 
eqn (19) The exponential term is muIt.iplied by the reciprocal of the fractional area 
of the thermistor exposed to the solution (2 for our case), The equivalent con- 

ductivity, A_, corrected for stem conduction is given by 

(53) 

ExPERnEN7AL 

lh.sWumentalion and apparatus 

The NTC bead thermistor probes were Type 44031 from YelIow Springs 
Instrument Co. They were chosen because of low manufacturing tolerances (IO,ooO X2 
2 0.5%) and excepent long term stabihty. The PTC thermistors were Positemp Type 

713T15 from Pennsylvania Electronics Technology, Inc., and were nominally 10,000 B 
at 25OC. The thermistors were mounted as shown in Fig_ 2 A common junction box 
mounted on the calorimeter head was used for all connections between the amplifier 
circuit and thermistor leads. 



Fig. Z C-n of cbamistor probe A = Tygon tubing B 
C = @mx tube (probe); D = Tygun tubing; E = Tdion tubing: 
wins (platinum); and H = thamistor bead- 

.=F thumkitor lead w&u (coppa); 
=epoxy;G = thermistor )cad 

The arnp1ifie-r circuit is shown schematically in fig_ 1, Thirty-inch coaxial 

cable was used for connection of the circuit with thermistor probes- A conventional 
IUO V ac regulator from Appkd Researc h Laboratories was used in series with a 
VI~anlass Model CVR-I20 rquhtor for line voltage regulation. After six months of 
swccssfid operation of the &CIA in Fig I, the long term stability was improved by 
substituting Ado= Devks 5MJ amp1ifiex-s for A01 and OA2. The circuit was &SO 

cxmstru~ on a printed circuit board to dccrcase stray capacitances found for point- 
to-point wiring This modification is referred to as Circuit B_ 

CaIibti=tion of tbc bridge and amplifiers was made by substituting decade 
rxsktanoe boxes adjustable to 2 I Q for the thermistors_ Circuit parameters were 

R;= Lo016 x IO6 Q and e+ = -e_ = O.Kw)oo V to insure high sensitivity and a 
zero power approximation, 3-k decade resistance boxes were calibrated by Physics 

I8xGnmxmt services of Iowa State University_ Thermistor resistances were measured 
at approximately thra-degxe intcrvais in the range 048°C Solution temperatures 
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were read from a partial immersion Hg thermometer to 5 0.01 “C. The Hg thermo- 

meter was calibrated at four points maintaining a stem temperature of 25.0 + 0.5X. 

The four points were: the ice point, O.ooO”C; the NaCI-NazS04-Hi0 eutectic, 
17.878°C’2; the Na,SO,H,O eutectic, 32.383*C12; and the freezing point of 

subIimed phenol, 40.85°C33. Tbe Iast reference point was given the feast significance 

because of the difkulty of ob~niu~ phenol which is free of cresols. Solution 
temperatures were measured by the Hg thermometer at a point I in. from the ther- 
mistor bead. 

The temperature control bath used in thermistor resisttnce measurements was 

a 10-l piastic tub filled with water and resting on a magnetic srin-cr. Temperature 
control for the bath involved circutation of water at I I min-’ from a 20-I Sargent 
thermostated bath controlled to + 0.01 “C through an immersed 50-ft. coil of 0.5 in. 
polystyrene tubing. 

The isoperibol differential calorimeter used for measurement of circuit sensiti- 

vity (e,_, vs. r) consisted of two glass Dewars? matched in size and thermal charac- 
teristics, with stirrers and electrical resistance heaters. The stirrers were perforated 

Tefion disks with 1.27-cm radius and 3.18-mm thickness operating at 800 rev min-I. 
The heaters were 3042 metal-film resistors coated with epoxy resin. This calorimeter 

was ako used for thermometric titrations and a complete description wili be given 

in a subsequent publication. 
The temperature sensitivity of the thermometric circuit was measured using 

onIy one calorimeter ceIi after replacing one thermistor in the bridge by a IO,OSS + 
I IQ metai-fiIm resistor. This resistor was mounted on a heat sink in the junction box. 

A Semi volume of deionized water in the ceII was electrically heated and Tb and 

the corresponding vafue of cops measured. Ali potent&& were measured with a Coming 
Digital I I2 pH meter in the mV mode or a kds and Northrup K-2 potentiometer 
readable to 2 5 pV_ The Coming meter was calibrated with the K-2 potentiometer 

against an unsaturated Weston cell with a potential of I.01891 absolute volts at 
25.O"C. The Weston cell was calibrated 2 October 1973 by Ames Laboratory USAEC 

at Ames, Iowa, against four paralfel Weston cells standardized periodically a_tinst a 

cell from the National Bureau of Standards. 
Solution temperatures for determination of circuit sensitivity were measured 

with a Parr 1622 bomb calorimeter thermometer (5E2808) which was calibrated 
23 May 1973 by Parr Instrument Co. against a National Bureau of Standards 

platinum resistance thermometer. The calibration was made with fuli i~e~ion 

and stem corrections for partial immersion in our experiments were made accordins 
to the procedure of Sw!ndelI?. 

Thermistor response to a step change in temperature and the thermal time 

constant were determined by two methods. Method I: The thermistor was heated 
ehzctricaUy after the manner of PapadopouIos’* and the return to ~uiIib~um 
temperature follm#ed. Method 2: The thermistor probe was plunged into a solution 
at a’ temperature other than ambient according to the method of Pharo”. Bridge 

output was monitored by a Heath EU-20W recorder without damping. 
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MeaSa- t of time &xNEtant v!i. heating rate was mndc with u!lperfoWtxi 
d&k &zers,of difi&nt radii at vckx5ties of 45.~2U7.3 rad &c-“. Rotational velocities 
W- det~G~~ed by a SanL~rn 7701 osciilograph. tintrokd heating rates were 
prcwi&d by a Saxgent CouIom&ric Current Source connected to the resistance beater 
inthecz?U. 

*- U.MI&~O&C anddriRwczmeas& afzcrsnixaihition oflOW meE&ilm 
r&so~ for the two Usrmistors. other ch7zuit parameters were e, = -e.. = MOOOO 

V, & = LoOI x 1@ Q aud,C, = 0,047 pF. e,.3 vs. time was recorded for 33 hr 
on the Heath reorder at a sensitivity of l.KIO mV in.“‘. The recovery time of the 
eiruxit to application of a 100 mV step function to the output of OAI was measured 
&ith a Hewlett-P&card f22A uscilloxope. 

Further cxperime~ti dctaiJs may be found in ref 36. 

T&c power supp?y dcscrii had req&.d little &justment over a one-year 
period of sutzs&d operations Typical stabiity was determined by measurement of 
e,, e- and lee - e-1 at irregular intervals over a two-week period with at least one 
m-t per working day. The results fitted by a Iinear least squans method are: 

G = 1000.0 4 0.02 mY - 0.002S rfr 0.0021 mV/day 
-e- = MI02 ;;5 0.02 mv - O.oof f: 0.0021 IrlV~day 

le+ -e-( = 0.175 * 0.007 mV + 0,003 f 0.001 mV/day 
With the bridge w~cctcd and 10 k.Q metal-am resistors replacing the thermistors, 
the peak--peak noise and drB over a 24-h period was 10 ppm for a room tempera- 
ture wnstant to f I Y. Reszovery time from a transient voItage applied to the output 
ofOAI wasO.3sccforc; = 0.047 pF. Cixuit B bad a peak-to-peak noise of 7 ppm 
for Cr = 2 pF. Distinct advantages of this circuit are the absence of Xoading of the 
power supply and easy adjustment of the sensitivity of the thermistor bridge by the 
adjustment of potentiometer PI (see Fis 1). 

The value of & for ticrmistor t, and tl (both NTC) were determined at the 
&&ard tem~tmz I&&XXI= points cited earlier. Plots of #3, vs. T, were neaxiy 
rimsrand were analyzd by a linear Ieastsquams computerprogram. The nwnlts are: 

& = 3.3816 1 O-U373 T (I-cl) + (2SSO6 4 O.OHl) x I@ 1c, 

& = 33378 1 U.W!6T(K) + (2S634 fi: 0.0127) x 103 K 
The uncertainties giva are deviations for PS% confidtn~ At 2S.00°C, 

BI = 3558.8 f 1.S K 

B2 = 3558.5 * 1.7 K 
Therm&or resistance data was obtainui‘in the temperature range 24.929- 

2S.O8O*C and dRJdT, eidailatcd by eqn (i). &sults am &WI in Table 1. Values of 
2, and dZ,jdTc at 2S.OO”C were approximated from rcsis@ne data obtained at 
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f 6.0 

24-08 and 26.03”C The resu1t.s are incfuded in Table 1, The approximate value of 
dRJdT. from eqn (4) was used for the remaining work because df tempemture 
intervais were 2°C or less, 

A strong criticism of differential thermometric titrimetry is the impossibifity 
to date of obtaining identical sensitivities for two thermistors. The origin of this 
problem can be seen by noting the differences in material parameters for even the 
ciosely matched thermistors in Table 1. An experimental error curve (e0,3 vs. T,,) is 
shown in Fig. 3 for the two thermistors described in Table I_ The siope of the curve 
is very small except at temperatures considerably beIow 25°C and, presumably, 
greater thau 45°C assuming the parabolic shape for the error curve predicted by 
eqn (7). Linear response can be obtained by adjustment of e, relative to e,. Following 
the procedure simifar to that for the NTC-PTC hybrid in eqns I&-i3, it can be 
demonstraM that 

The calclllated value of e-/e, for linear response in this case is MMXZ3 and the 
experiment& value was determined to be 1_ooO185_ 
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Circuit sensitivity ad noise 

Attempts to increase tcmperaturc sensitivity of a thermistor bridge circuit have 
involved choice of thermistors with larger values of R, because of the associated 
increase37 in /3,_ The signal-to-noise ratio suffers, however, because the thermistor 
noise is proportional to c. Sensitivity can be increased by use of larger bridge 
voltages as shown in eqn (7). For small temperature changes (K 1 “C) when -e_ = 

e+ =E 

Expcrimcntd vabcs of &,&AT1 are given in Table 2 for a NTC thermistor_ Tbe 
results at E = OS V agree with theory to 1 ppt- For bridge voltage > OS V, self 
heating of the thermistor is significant and for our rate of stirring, T, # T,_ Hence, 

R, is less than in the absence of self heating and apparent sensitivity increases_ The 
resnhs in Table 2 at 1 .O V are in good agreement with theory when correction is made 

for self heating. 
The temperature sensitivity for several thermistor configurations was deter- 

mined over a 2-degree interval centered at 25’C as shown in Fig. 4. The data was fitted 
to cubic equations for the purpose of comparing changes in linearity and sensitivity 
with temperature_ The resuhs are summarized in Table 3. For a small AT, the sensi- 
tivity is most easily approximated by the value of the co&Sent b in Table 3. The 
sensitivity for a NTC-PTC hybrid is much greater than for a singIe NTC thermistor. 
A comparison of the sensitivity of our circuit with sensitivities for several dc circuits 
described in the litcraturc is given in Table 4. The sensitivity of our circuit is the 
greatest of any reported to date and is in agreement with the theoretical prediction 

hy eqn (7) 
Uncertainty (noise) in the temperature measurement for various thermistors 

and thermis tor combinations is given in Table 5, The value of AT, was calculated 
from experimental data by the PARD convention4’ and represents the uncertainty 
in Tb for an isothermal solution as determined from the mean of e0,3 over a 5-&n 
recording period, It was interesting to note the successive decrease in AT, as ?he 

TABLE 2 

- DATA FOR tsmq 

N. = 540 Tcv mile; cr =0_047pF,zsomlHro;r, = 1.27a-n. 

1 11 OSWOO looB4 Kf2 0_497"C 
25- OJoooo 

xl03 *a1 
2 100.04 KI2 1_188°c 2cn.6 so-1 
3 20 lmoo1 laOl6IM2 0.49o"C 4,005 &2 
4 40 1dxKm lmOOI6 MI2 1.102”c 4,027 hl 
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5 2037 3saz 50 
37 luyxl Zl0CgiW.%i 30 

125 
12s 
94 
94 
so 
60 
43 
25 

TABLE6 

MnroIr 

7 = 4.21 g cm-= (nf, 41) 
* = 1.76 x 16~ cd an-= see-f “c-1 (Ed_ 41) 
* = 0.1547 Cal g’%- (ref. 41) 

f;t=Z?tBX m-*cm*sar~(~ 

&TiOs (15% sr clqx!d): 
P = 5.03 g an-= (rd. 42) 
k = 1.37 x IO”- cal an-” sa~-~“C? (rd. 42) 
4 = 0.105 Cal g-lw-~ (Is 43) 
Dt = 2.59 x lo-f cm% see-1 (cakufatod) 

Y*roinr d = 5.0 x 10-r Cal an-~ sa+*<3-t (d 44) 

rc(x lokm-1) 1.45 1.64 0.85 I_88 
xxx wcm-l))- 6 

& 
6 

_.’ 
12 

XAcm) 0.7 12 .12 
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hy recording eo,b, for a__ t-h period are about 3 x the v&es in Table 5 which is in 
agreemat with the obscrktion. of LaForce et aL8_ 

The cak&tions indicated by eqns (24), (25), (45) tid (52) were programmed 
in WATFTV and ekcuted on an IBM 360-5 digital computer at the Iowa State 
kxkersity Computation Center. A listing of the program is available on request 
tiom the author% AIthough exact specifications of thermistor composition are 
proprietary information, general information is that NTC thermistors are made of 
A&O, and P-K th amistors arc of Sr-doped BaTiO,, Properties of these materials 
axe given in Table 6 with physical dimensions for the thermistor mountings. The 
OllcaIated and measured time constants (by Method 2) for t,,,, as a function of 
N, with r, = 1.63 cm are plotted in fig. 5. 

The dissipation constant, b,, measured for an MC thermistor as a function 
of IV, showed no variation for 400 < Iv, < u)(W) rev min-’ with r, = l-27 cm- Cal- 
culated and measured values of 6, for a PTC thermistor are plot&d in Fig. 6 as a 
fimction of N,_ Agreement betweeu expcrimeutal and predicted values is good 
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consideringmanysounrsoferrorn~~inttie~tortticdldevelopmenf ofwhich 

assumptions regarding stem Gonduction is major, 

From eqns (24) and (U), SC is pr~portionaI to r, and r, is proportional to I:- 
This has becu demonstrated for bead thermkt~rs~~. It is beyond question that an 
epoxy #rating on the therm&Or wiII change both 6, and TV_ The usual qoating mater&I 
is gIass which has a thermal conductivity about 4 x that of most pIastics, The effects 
of various thermistOr coatings was experimentaIIy shown by Rogers and SasieIa46, 
ExperimentaKy measured values of q for a NTC and PTC thermistor are given in 

Fig 7 as a fmction of tcmpexzsture. It is interesting that the plots are mirror ima_- 
of dRJdT, for b&h thermistors as predicted by eqn (36)_ 

Careful ~~tio~ of eqns (18) and (19) reveaIs that the temperature 
diff-el-ence across the thermistor mate&I and mmss the epoxy plus thermaI boundary 
Iayers can be caIcuIated_ Such caIcuIations show that the predominant diffkrence is 

acres the epoxy plus thcrmaI boundary layer; the ratio of the differences is 35:1- 

The dependence of z, upon 7&, as predicted by eqn. (32) was studied by heating 
the caIorimetcr buIk soIution at four rates. The experimentaI resuIts GEE given in Fig_ 8, 
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The values of cmve intercepts were those obtained in a study of T, vs. iVS for a step 
change in the temperature of the ffuid surrounding the thermistor_ Differences in the 

intercepts in fig. 8 as determined by Method 2 in comparison to those from eIectricaI 
heating experiments is due to the time of fluid mixing and the time constant of the 

electricaI heater. Aithough not shown in Fig. 8, the predicted decrease in the slope 
of f, vs, l/yb ptot with increase of P, was verified experimentaIly. Pfacement of the 
eIe.ctricaI heater affects the relationship of r, to IPI& since incomplete mixing leads to 

underdamping of the system response. Larger values of N’ lead to overdamping 
which produces increased slope as seen in Fig_ 8 for N, = 1000 rev min-‘. More 
will be said concerning heater pfacement in a later pubfication. 

APPEBDIX 

L&t of symbol 
a, a,, a,, b, c, d, m, n coefficients 

roofs of the transcendentaI equation r,z,_ cot rl% + r,h 7 I = 0 
Materiaj coefficient of thermistor with positive temperature coefficient (i/OK) 

cross section area of epoxy fiIIing pIus Teffon tubing in thermistor mounting 

(cm=) 
total cross sectional area of thermistor stem (cm2) 
cross se&or& area of thermistor Iead wires (cm’) 
material coefficient of revisor with negative temperature coefkient (K) 
mass heat capacity of bulk soIution (Cal g-’ oC-1) 

voIume heat capacity of thermistor material (caI crnm3 “C-‘) 
mass heat capacity of thermistor maferial (cal g-’ “Cm’) 

heat capacity of thermistor (caI “C-‘) 
f&back capacitor for operational ampIi6er 3 in Fig_ I (j.S) 

thermal diffbsivity of buIk solution @n’ set-‘) 
thermal diffusivity of thermistor material (cm’ set-‘) 
dissipation constant of epoxy pIus stem and boundary layer @aI set-’ %- ‘) 

dissipation constant of thermistor bead (caI set” “C-l) 
dissipation constant of thermistor assembly @aI set-’ “C-‘) 
positive and negative voltages applied to thermistors t2 and t,, respectively (V) 
output voltage of Operational AmpIifier 3 in Fig. 1 (V) 

heating rate of buIk solution (“C set-‘) 
heating rate of thermistor by electrical power (“C see- ‘) 
We WcW 
conveztive heat transfer coefficient of thermistor stem (Cal cmS2 see- ’ *C’ ‘) 
convective heat transfer coefFicient of thermistor bead (Cal cm-’ set-’ “C-“) 
thermal conductivity of bulk solution (cai cm-’ set-’ T-“) 

thermal conductivity of epoxy (Cal cm-I see-’ “CWz) 

equivalent thermal conductivity of thermistor material pIus epoxy and stem 
(Cal cm-’ set-l “C’) 



inner thermal conductivity of thermistor material corrected for epoxy and 
stem effects (cal cm-’ see-’ “C-‘) 
equivaleut thermaI conductivity of thermistor stem (Cal cm-’ xc-’ “C-‘) 
thermal conductivity of thermistor material (cal cm-’ see-’ 0C-1) 
thermal conductivity of thermistor lead wires (cal cm-’ set-’ “C-*) 
rotation speed of stirrer (rev tin-‘) 
kinematic viscosi~ of bulk solution (cm= set-‘) 
angufar vehcity of stirrer (rad sac-‘) 
electrical power applied to thermistor (Cal xc-‘) 
radius of calorimeter cell (cm) 
radius of stirrer disk (cm) 
radius of thermistor stem (cm) 
radius of therm&or bead (cm) 

mass deusity of thermistor material Cg cmv3) 

feedback resistance of operational amplifier 3 in Fig_ 1 (Q) 
resistance of thermistor at its geometric center ($2) 

time (set) 
thermistor 
bulk solution temperature (K) 
thermistor temperature at the geometric center (K) 

time constant of epoxy plus stem and boundary layer (set) 
time constaut of thermistor bead (set) 
time constant of thermistor assembly (set) 
fiuid velocity 
thickness of epoxy film on thermistor (cm) 
length of thermistor stem (cm) 
precxponential term in thermistor resistance functions (Q) 
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